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Abelian Projective Planes of Square Order* 
K. T. ARASU 
Dedicated to the memory of our loving daughter Lavanya 
We prove that, under certain conditions, multipliers of an abelian projective plane of square order 
have odd order modulo v*, where v* is the exponent of the underlying Singer group. As a 
consequence, we are able to establish the non-existence of an infinite number of abelian projective 
planes of square order. 
I. INTRODUCTION 
We assume familiarity with the basic factors about difference sets, their multipliers and 
abelian/cyclic projective planes (for instance, see [2] and [5]). 
Consider the following theorem which characterizes the multipliers of an abelian difference 
set. 
THEOREM I (Mann [6], Lander [5]). Let D be an abelian (v, k, Je) difference set in a group 
G, with exponent v* (i .e. v* = least common multiple of the orders of each element of G). 
Then every multiplier t of D has odd order modulo v*, provided that neither of the following 
holds: 
(i) n is a square (here n = k - Je); or 
(ii) for some prime q == I (mod 4), n = qnf, v = qOv, with a ~ I, and m has odd order 
modulo v,. 
Mann [6] proved Theorem I, except for the condition q == I (mod 4), using algebraic 
number theory. Lander [5] gives a proof of Theorem I, which includes the condition 
q == ! I (mod 4), using group representation theory. 
In this paper we prove a version of Theorem I for the planar difference sets (J. = 1) in 
the abelian case, when n is a square. As applications, we obtain an infinite number of square 
values of n for which there does not exist an abelian projective plane of order n. 
2. PRELIMINARIES 
In this section, we quote the theorems which wiIl be used to prove our main result. 
THEOREM 2 (Baer [I]). Let a be an involution in a projective plane of order n. Then either 
(i) n = m2 and the fixed points and lines of a form a subplane of order m or (ii) a is a central 
collineation. In case (ii), if n is odd, a is a homology and if n is even, a is an elation. 
THEOREM 3 (Ostrom [7]). If a cyclic planar difference set D has parameters 
v = m2' + m' + 1, n = m' with (r , 3) = 1, then there exists a cyclic planar difference set 
D" with parameters v, = m 2 + m + I, n l = m. Furthermore, every multiplier of D is also 
a multiplier of D,. 
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THEOREM 4 (Jungnickel and Vedder [4]). Assume the existence of an abelian difference set 
for a projective plane of square order n = m2 , say in G. Then there also exists a difference 
set for a plane of order m in a subgroup F of G. 
3. MAIN THEOREM 
We now state and prove our main theorem. 
THEOREM 5. Let D be a cyclic (n 2 + n + I, n + I, I) difference set in a group G. Suppose 
that n = m2s with (s, 3) = l. Let t be a multiplier of D. Suppose that there exists a prime 
divisor q of m2 - m + I such that t has odd order modulo q. Then t has odd order modulo v, 
where v = m 4 + m 2 + I, and hence t has odd order modulo p for each prime divisor p of v. 
PROOF. In view of Theorem 3, we may without loss of generality assume that n = m 2 • 
Suppose that t has even order 2r modulo v. 
Let IT be the projective plane of order n obtained from D as follows: 
points of IT 
lines of n 
elements of G; 
translates of D. 
Since t is a multiplier of D, the map (J defined by g -+ g" is a collineation of IT. In fact 
(J is an involution of IT. 
CASE I: fixed elements of (J form a subplane of IT of order m. In this case, the number of 
fixed points of (J, on one hand, equals the number of solutions of x" = x in G, i.e. x" = I 
in a cyclic group of order m 4 + m 2 + I, which equals g.c.d. (t' - I, m 4 + m2 + I). On 
the other hand, this number equals the number of points of the subplane of order m of IT. 
Thus, 
g.c.d. (t' - I, m 4 + m2 + I) = m2 + m + I (I) 
It follows easily that (m 2 - m + I, t' - I) = l. Now (m 2 - m + I, t' ~ I) = I and 
m2 - m + II t2' - I imply that m 2 - m + II t' + I, contradicting the hypothesis about 
the prime q. Hence t must have odd order modulo v. 
, CASE II: not Case I. By Theorem 2, we must have that (J is a central collineation of IT. 
Let D = {g" gz, ... , gn+'} be the axis of (J. Then each element of D is fixed by (J. But D 
generates G. So (J must be the identity, which is a contradiction. Hence t must have odd 
order modulo v. This completes the proof of Theorem 5. 
If the underlying group is abelian, we can modify the above theorem and obtain the 
following: 
THEOREM 5'. Let D be an abelian (n 2 + n + I, n + I, I) difference set in a group G. 
Suppose that n = m2' where r is a positive integer. Let t be a multiplier of D and 
v = m4 + m2 + I. If there exists a prime q dividing m2 - m + I such that the order of t 
modulo q is odd, then the order of t modulo v is also odd. 
PROOF. In viw of Theorem 4, we may assume that n = m 2• Define IT and (J as in the proof 
of Theorem 5. The number of fixed points of (J then would be a multiple of g.c.d. 
(t' - I, m 4 + m 2 + I) (see [2], lemma 6.8, p. 297). We may proceed along the same lines 
as Theorem 5. Proof of Cases I and II carryover with little modification. 
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4. REMARKS 
REMARK 1. Suppose that m == 10 or 12 (mod 14). Then (i) there does not exist a cyclic 
projective plane of order m2r for each r with (r, 3) = 1, and (ii) there does not exist an 
abelian projective plane of order m2' for each positive integer r. 
To see (i) apply Theorem 5 with t = 2 and q = 7, assuming the contrary. By hypothesis, 
7 divides m2 - m + 1 and order of 2 modulo 7 is 3, which is odd. If 3 divides m, then 
n == 0 (mod 6) and there does not exist an abelian projective plane of order n (see [3]). So 
let us assume that (3, m) = 1. Then v = m4 + m2 + 1 == 0 (mod 3). But then the order 
of 2 modulo v cannot be odd, contradicting Theorem 5. 
Proof of (ii) is similar to (i), appealing to Theorem 5' instead. Note that we can easily 
show that n == 10 or 12 (mod 14) implies that n is not a power of 2. 
REMARK 2. Similar results using other primes q and other multipliers t (t = 2 and q = 7 
in Remark 1) for which t has odd order modulo q can be obtained in the same manner. 
REMARK 3. Most of the previously known non-existence theorem for cyclic/abelian 
projective planes have been stated only when the order of the plane is a non-square. An 
exception to this is the following: 
THEOREM 6 (Hall [3]). There is no cyclic projective plane of order n if n is divisible by both 
the primes in the following pairs: 
(2, 3), (2, 5), (2, 7), (2, 13), (2, 17), (2, 19), 
(2, 31), (3, 5), (3, 7), (3, 11), (3, 13), (3, 17), 
(3, 19), (5, 7), (5, 11) and (5, 13). 
Remark 1 includes infinite number of square values of n (that are not included in other 
non-existence theorems) for which there do not exist cyclic projective planes of order n, 
giving more evidence to the following conjecture: 
CONJECTURE. Let D be a projective plane of order n admitting a cyclic regular automor-
phism group. Then n must be a prime power and D must be isomorphic to PG(2, n). 
We conclude by remarking that similar results (as in Theorems 5 and 5') for general A. 
would be of great interest. 
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